Abstract. We introduce orbifolds, relating them with group actions, then we see how elementary objects from Algebraic Topology generalize to orbifolds, such as the fundamental group and Euler characteristic, then we proceed to the generalizations of classical objects from Differential Geometry to orbifolds, studding orbibundles, differential forms, integration and (equivariant) De Rham cohomology, and finally we endow orbifolds with Riemannian metrics and survey some generalizations of classical results from Riemannian Geometry to this setting.
Introduction
Orbifolds, first defined by I. Satake in [33] as V -manifolds, are amongst the simplest generalizations of manifolds that include singularities. They are topological spaces locally modeled on quotients of R n by a finite group action, and appear naturally in many areas of mathematics and physics, such as algebraic geometry, differential geometry and string theory. There are many different ways to approach orbifolds, for example as Lie groupoids (see Remark 2.3), length spaces (see Remark 4.4), Deligne-Mumford stacks (see, e.g., [25] ), etc. Here will adopt the more elementary, classical approach via local charts and atlases, following mostly [1] , [8] , [13] , [14] , [23] , [28] and [36] , which can be used for further reading on the subject.
Manifolds are very well-behaved spaces. While this is comfortable on the level of the objects, it forces the category of manifolds and smooth maps to have poor algebraic properties (e.g. it is not closed under limits, co-limits, quotients...), hence the pursuit of generalizations. Orbifolds arise in this context-together with the more general Chen spaces, diffeological spaces, differentiable staks, Frölicher spaces and many others-providing a category which at least behaves better under quotients, while retaining its proximity with the realm and language of manifolds.
These are course notes for the mini-course "Introduction to Orbifolds" held on the Workshop on Submanifold Theory and Geometric Analysis at Federal University of São Carlos, Brazil (August 05 -09, 2019). The mini-course will consist of four lectures which should roughly match the four sections in these notes. In Section 1 we introduce the notion of orbifolds, give some examples and relate it to group actions. Section 2 is
is proper (e.g., when G is compact) G/G x ∼ = Gx is a diffeomorphism (see e.g. [2, Proposition 3.41]). The quotient of a free proper action on a manifold is also a manifold. In fact M → M/G naturally becomes a principal G-bundle in this case [2, Theorem 3.34] . A proper action by a discrete group is called properly discontinuous. Notice that we do not assume that properly discontinuous actions are free, as it is common in some contexts. In fact, an action is properly discontinuous, as defined here, if and only if for every compact K ⊂ M the set {g ∈ G | K ∩ gK = ∅} is finite. Any action of a finite group G on M is automatically properly discontinuous.
We can now proceed to the abstract definition orbifolds as mathematical objects that accommodate quotients M/G. We will go a step further and consider then to be only locally modeled by quotients by finite group actions, in analogy to manifolds that are locally Euclidean. In fact, orbifolds which are global quotients by properly discontinuous actions are usually called good, and those which are quotients by finite groups are very good (see Section 1.5).
1.2. Orbifolds. Let X be a topological space and fix n ∈ N. An orbifold chart ( U , H, φ) of dimension n for an open set U ⊂ X consists of a connected open subset U ⊂ R n , a finite group H acting smoothly and effectively 1 on U and a continuous H-invariant map φ : U → X that induces a homeomorphism between U/H and U:
An embedding λ : ( U 1 , H 1 , φ 1 ) ֒→ ( U 2 , H 2 , φ 2 ) between two orbifold charts is a smooth embedding λ : U 1 ֒→ U 2 that satisfies φ 2 • λ = φ 1 
. Note that for every chart ( U , H, φ), each h in the chart group H is, in particular, an embedding ( U , H, φ • h) ֒→ ( U , H, φ).
An orbifold atlas for X is a collection A = {( U i , H i , φ i )} i∈I of orbifold charts that covers X and are locally compatible in the following sense: for any two charts ( U i , H i , φ i ), i = 1, 2, and x ∈ U 1 ∩ U 2 , there is an open neighborhood U 3 ⊂ U 1 ∩ U 2 containing x and an orbifold chart ( U 3 , H 3 , φ 3 ) for U 3 that admits embeddings in ( U i , H i , φ i ), i = 1, 2. We say that an atlas A refines an atlas B when every chart in A admits an embedding in some chart in B. Two atlases are equivalent if they have a common refinement. As in the manifold case, an orbifold atlas is always contained in a unique maximal one and two orbifold atlases are equivalent if, and only if, they are contained in the same maximal one.
An n-dimensional smooth orbifold O consists of a Hausdorff paracompact topological space |O| together with an orbifold structure, that is, an equivalence class [A] of ndimensional orbifold atlases for |O|. We will say that an orbifold chart is a chart of O when it is an element of some atlas in [A] . We will see below, in Section 1.5, that quotients of almost free proper Lie group actions are orbifolds, in particular all examples in Section 1.1 are orbifolds. Somewhat in the other direction, Cartesian products provide new orbifolds from old ones. Exercise 1.10 (Cartesian products). Let O and P be smooth orbifolds. Prove that |O|×|P| have a natural orbifold structure given by products of charts ( U × V , H×K, φ×ψ 
The local group Γ x at x is the isomorphism class 2 of the isotropy subgroup Hx < H. It is independent of both the chart and the liftingx (see [1] , p. 4), and for every x ∈ |O| we can always find a compatible chart ( U, Γ x , φ) around x, that is, such that φ −1 (x) consists of a single pointx. We denote by Σ Γ the subset of |O| of the points with local group Γ. The decomposition
where each Σ α is a connected component of some Σ Γ called a stratum, is the canonical stratification of O. Each Σ α is a manifold. The regular stratum Σ {e} of regular points is an open, connected and dense manifold, which will also be denoted by O reg . The subset O sing := |O| \ O reg is a closed subset of |O| with empty interior, called the singular locus of O. Example 1.12. On the sphere S 2 , consider normal geodesic balls B i , for i = 1, 2, centered at the north and the south poles, N and S, respectively, such that
, with π/2 < R < π, is mapped diffeomorphically over B i by the exponential map (with respect to the usual round metric on S 2 ). We use polar coordinates (r, θ), with 0 ≤ r < R and 0 ≤ θ < 2π, on B R (0).
Let p i ∈ N and consider the orbifold chart ( B i , Z p i , φ i ), where Z p i acts on B i by a rotation of order p i and φ i : B i → B i maps (r, θ) to the point with geodesic coordinates (r, p i θ). The map φ
These are local diffeomorphisms which commute with the charts. This is sufficient to conclude that the charts are compatible (see Section 2.1), hence we obtain an orbifold structure on S 2 , called the (p 1 , p 2 )-football. For p i = 1 the singular locus is, of course, {N, S}. In the special case p 2 = 1 the south pole becomes a regular point, and the resulting orbifold is called the p 1 -teardrop. The (1, 1)-football is just the regular sphere.
We say that O is locally orientable if there is an atlas B = {( U i , H i , φ i )} ∈ [A] such that each H i acts by orientation-preserving diffeomorphisms of U i . In particular, in this case we can suppose all charts satisfy H i < SO(n). If we can choose an orientation for each U i that makes every embedding between charts of B orientation-preserving, then O is orientable. Of course, with such orientations chosen, (O, B) is an oriented orbifold. Exercise 1.13 (Singular locus of locally orientable orbifolds). Prove that for a locally orientable orbifold all singular strata have codimension at least 2.
The union of all strata of codimension 1 is the mirror stratum of O, denoted O mirr . A mirror point x ∈ O mirr have Γ x = Z 2 , acting by a reflection. At the other extreme, it is also useful to consider the union of all strata of minimal dimension, O deep , the deepest stratum 3 
.
Orbifolds with boundary are defined similarly to the manifold case, by requiring the sets U in the charts to be open subsets of [0, ∞) × R n−1 . In order to keep the presentation simple we will avoid working with orbifolds with boundary, but we mention that the majority of the results presented here are also valid for them (even for orbifolds with corners). It is worth noting that one can have ∂O = ∅ while |O| is homeomorphic to a topological manifold with non-empty boundary. In fact, we have the following. Example 1.14 (Silvering). Given a manifold with boundary M, we can give an orbifold structure (without boundary) M to M so that ∂M becomes a mirror. Any point x ∈ ∂M has a neighborhood modeled on R n /Z 2 , where the action of Z 2 is generated by reflection along the hyperplane that models ∂M. Then of course M sing = M mirr = ∂M.
Smooth Maps.
There are several different notions of smooth maps between orbifolds. They were first introduced in [33] in the most intuitive way possible, but it was discovered later that there were relevant refinements of the concept (see Remark 1.17). Here we will follow [23] , which refines Satake's original definition by handling the algebraic information on the singularities more carefully but without getting too technical.
Let O and P be orbifolds and let |f | : |O| → |P| be a continuous map. We say that |f | is smooth at x ∈ |O| when there are charts ( U , Γ x , φ) and ( V , Γ |f |(x) , ψ) around x and |f |(x), respectively, such that |f |(U) ⊂ V and there exists a smooth local lift of |f | at x, that is, a homomorphism f x : Γ x → Γ |f |(x) together with a smooth f x -equivariant 4 map
A smooth map f : O → P consists of a continuous map |f | : |O| → |P| that is smooth at every x ∈ |O|. Example 1.15. Two different local lifts at x do not always differ by composition with some element of Γ |f |(x) . For example, consider the action of Z 4 on R × C generated by the multiplication by i = √ −1 on C and let O be the corresponding quotient orbifold. Define
It is clear that f 1 and f 2 are local lifts of the same underlying map |f | : R → |O| and that they do not differ by an element of Z 4 . Some of the more technical definitions of smooth maps between orbifolds that we mentioned above take these phenomena into account by considering these distinct lifts to represent two different maps. A smooth map f : O → P is a diffeomorphism if it admits a smooth inverse. In this case we clearly have Γ x ∼ = Γ |f |(x) for all x ∈ |O|, that is, diffeomorphisms must preserve the orbifold stratification. Remark 1.17. Smooth maps between orbifolds were first introduced in [33] as continuous maps admitting smooth local liftings (without the accompanying homomorphism between the chart groups). Later it was realized that this notion was insufficient to coherently define pullbacks of (the orbifold analogues of) bundles and sheaves. To overcome this, more subtle notions of morphisms between orbifolds were introduced, like the MoerdijkPronk strong maps of [30] , that match the definition of groupoid homomorphisms when the orbifolds are seen as Lie groupoids (see Remark 2.3), and the equivalent (see [26] , Proposition 5.1.7.) notion of good maps by W. Chen and Y. Ruan of [13] . Every good or strong map is, nevertheless, a smooth map as defined here. Further notions of smooth maps between orbifolds are also investigated in [7] . Proof. Let us just sketch the proof. As G×M ∋ (g, x) → (gx, x) ∈ M ×M is a proper map between locally compact spaces, it is also closed, hence R :
Moreover, it is clearly paracompact. Now, for any x ∈ M there is a slice (see [2] , Theorem 3.49) S x = exp ⊥ (B ε (0)) (with respect to a suitable Riemannian metric on M) on which the finite isotropy subgroup G x acts. Defining Tub(Gx) := G(S x ), the tubular neighborhood theorem (see, for instance, [2] , Theorem 3.57) asserts that Tub(Gx)
We will denote the quotient orbifold obtained this way by M//G in order to differentiate it from its underlying topological space M/G. That is, we have
We say that an orbifold O which is diffeomorphic to a quotient orbifold M//G is good or developable, when G is discrete, and very good when G is finite. Otherwise we have a bad orbifold. Example 1.19. All examples from Section 1.1, except Example 1.1, are good orbifolds. Notice that the same orbifold can appear as a quotient by a discrete group and also as a quotient by a finite group, such as the pillow case in Example 1.8. Exercise 1.20. Show that the quotient space of the action in Example 1.1 can be endowed with the structure of a very good orbifold, despite its not presented there as a quotient orbifold.
Let us see another example coming from a non-discrete action.
Example 1.21 (Weighted projective space). Fix
We now modify the standard action of C × on C n+1 \ {0} by adding weights given by λ. Precisely, let z ∈ C × act by
The quotient orbifold (C n+1 \ {0})//C × is called a weighted complex projective space. We denote it by CP n [λ 0 , . . . , λ n ] (or simply CP n [λ] when the exact weights are not relevant). Weighted projective spaces play the same role in the category of orbifolds as the usual complex projective space plays in the category of smooth manifolds. As the later, they can also be seen as algebraic varieties and, so, they exemplify how orbifolds can appear in algebraic geometry (see, for example, [16] ).
The above action of C × on C n+1 \{0} restricts to an action of
with the same quotient, so that we could equivalently define 
where we use homogeneous coordinates as in the manifold case, that is, [z 0 : · · · : z n ] denotes the orbit of (z 0 , . . . , z n ). The charts will be (
The chart groups G i ∼ = Z λ i are simply the groups of λ i th roots of the unity acting on U i by multiplication.
The singular locus of
We can visualize this stratification as an n-simplex, where each k-cell correspond to a copy of
In this case the local group at a generic point in this singular subset is Z l .
Algebraic Topology of Orbifolds
In this section we will see a little of algebraic topology of orbifolds, focusing manly on the orbifold fundamental group and Euler characteristic. Some theory of pseudogroups, which we now recall, will be useful for this.
2.1. Pseudogroups. Let S be a smooth manifold. A pseudogroup H of local diffeomorphisms of S consists of a set of diffeomorphisms h : U → V , where U and V are open sets of S, such that
The H -orbit of x ∈ S consists of the points y ∈ S for which there is some h ∈ H satisfying h(x) = y. The quotient by the corresponding equivalence relation, endowed with the quotient topology, is the space of orbits of H , that we denote S/H .
Example 2.1 (Orbifolds as pseudogroups). Let O be an orbifold and fix an atlas
Note that embeddings between charts of A and, in particular, the elements of the chart groups H i are changes of charts. The collection of all changes of charts of A generate a pseudogroup H A of local diffeomorphisms of U A , and φ induces a homeomorphism U A /H A → |O|.
Let H and K be pseudogroups of local diffeomorphisms of S and T , respectively. A (smooth) equivalence between H and K is a maximal collection Φ of diffeomorphisms from open sets of S to open sets of T such that {Dom(ϕ) | ϕ ∈ Φ} covers S, {Im(ϕ) | ϕ ∈ Φ} covers T and, for all ϕ, ψ ∈ Φ, h ∈ H and k ∈ K , we have ψ Changes of charts can be used as an alternative notion of compatibility between the charts in an orbifold atlas, yielding therefore yet another definition for orbifolds which is equivalent to our definition (see [28] , Proposition 2.13, for details): one could define an orbifold O as an equivalence class [(H , S)] of pseudogroups of local diffeomorphisms such that S/H is Hausdorff and, for any x ∈ S, there is a neighborhood U ∋ x such that H | U is generated by a finite group of diffeomorphisms of U.
Remark 2.3 (Orbifolds as groupoids).
The pseudogroup H O is also relevant in enabling one to associate to O a Lie groupoid. This is in fact the modern approach to orbifolds, and the groupoid language can provide new insights to the theory. The groupoid is obtained by simply passing to the germs of the maps in a pseudogroup representing O: if H A ∈ H O , consider G A the groupoid of germs of elements in H A . Then G A is a proper, effective,étale Lie groupoid, and for a different compatible atlas B, the groupoid G B is Morita equivalent to G A (see [28] , Proposition 5.29). Hence we can associate to O a unique Morita equivalence class of proper Lie groupoids G O . Conversely, any proper, effective,étale Lie groupoid G 1 ⇒ G 0 defines an orbifold structure on its coarse moduli [28] , Corollary 5.31). We refer to [1] , [8] , [29] , [30] and [25] for more details on orbifold theory via Lie groupoids.
2.2.
Orbifold Fundamental Group. The notion of fundamental group can be generalized to orbifolds as homotopy classes of loops on pseudogroups representing them. This algebraic invariant will be richer then the ordinary fundamental group since it will capture some information on the singularities, besides the topological information of the underlying topological space. The construction actually works for general pseudogroups and, although it is similar to the classical one, a more elaborate notion of homotopy classes is needed in order to manage the local nature of pseudogroups. In this section we follow the presentation in [32] .
Let H be a pseudogroup of local diffeomorphisms of S. An H -loop with base point x ∈ S consists of (i) a sequence 0 = t 0 < · · · < t n = 1, (ii) a continuous path c i : 
Two H -loops are in the same homotopy class if one can be obtained from the other by a finite number of subdivisions, equivalences and deformations. The set of homotopy classes of H -loops based at x ∈ H forms a group π 1 (H , x), with the product defined by concatenation of loops. If S/H is connected then for any x, y ∈ S there is an isomorphism π 1 (H , x) ∼ = π 1 (H , y). In this case we will often omit the base point, when it is not relevant, denoting just π 1 (H ). Moreover, an equivalence Φ between (H , S) and
Exercise 2.4 (Fundamental groups of manifolds). Show that if M is a connected manifold and H is the pseudogroup generated by id, then
We define the fundamental group of an orbifold O at x ∈ |O| as π
From what we saw above, its isomorphism class does not depend upon the atlas we choose (nor on the liftx, in particular). It is instructive to return to the simple case of finite group actions. 
The quotient of the disjoint union i∈I U ′ i by the equivalence relation defined by these gluing maps is a Hausdorff, second countable space and hence define a locally oriented orbifold O with atlas {(
A base point of a covering ρ : O → O is a regular point x ∈ | O| that is mapped to a regular point in |O|. A universal covering of O is a covering O → O such that, given any other covering O ′ → O and base points x ∈ | O| and
For standard coverings of manifolds it is possible to show that universal coverings exist by combining all coverings of a given manifold through a fiber-product construction. Thurston refined this fiber-product construction in [36] and adapted this idea to show that universal orbifold coverings always exist.
Theorem 2.12 (Existence of universal coverings [36, Proposition 13.2.4]). Any connected orbifold O admits a connected universal covering ρ : O → O.
Given two coverings ρ i : O i → O, a covering morphism is a smooth map f :
The universal covering ρ : O → O is unique up to covering isomorphisms, and it is a Galois covering, i.e., Aut(ρ) acts transitively on the fibers |ρ| −1 (x), for each x ∈ |O|. Below we list more properties of universal coverings. . From item (ii) we see that an orbifold is good if and only if it admits a covering by a manifold. The proof of item (i) is similar to the classical case: given x ∈ |O| and x ∈ |ρ| −1 (x), a deck transformation f sendsx to another pointỹ ∈ |ρ|
Exercise 2.14. Show that (p, q)-footballs are bad orbifolds unless p = q.
Triangulations and Euler Characteristics.
Let O be a smooth orbifold. A triangulation of O is a triangulation of its underlying topological space |O| in the usual sense, that is, a homeomorphism between a simplicial complex T and |O|. Recall the canonical stratification |O| = α Σ α of from Section 1.3. We will say that a triangulation of O is compatible when it is compatible with the canonical stratification, in the sense that the interior of each cell of the triangulation (i.e., the image on |O| of an open face in T ) is contained in a single stratum.
Theorem 2.15 (Compatible triangulations always exist [14, Theorem 4.5.4]). Every smooth orbifold O admits a compatible triangulation.
Let T be a compatible triangulation of O and, for each cell τ of T , let N τ = |Γ x | for some (hence any) x in the interior of τ . We define the orbifold Euler characteristic of O by
Given the compatibility of the triangulation with the stratification, this can be written in the more invariant form
Proof. By using charts one verifies that, for each x ∈ Σ α ⊂ Σ Γ , the inverse image |ρ| −1 (x) is a set {x 1 , . . . ,x ℓ } with eachx i in a respective stratum
Therefore, the inverse image of a cell τ with local group Γ(τ ) is a union of cells
Passing to the alternating sum over all cells we get the result.
Exercise 2.17. Prove that for a compact, orientable 2-orbifold O with cone points of order p i one has
Differential Geometry of Orbifolds
In this section we will see that much of the elementary constructions from the differential geometry of manifolds generalize to orbifolds.
Tangent Orbibundle and Differentials. Let ( U , H, ϕ) be an orbifold chart and consider the tangent bundle T U. Since we have a smooth action, say µ, of H on U, we can define a smooth H-action on T U by h(x, v) = (µ(h,x), d(µ h )xv). This gives us an orbifold chart (T U, H, π), where π is the quotient projection over T U := T U/H. Notice that the foot projection T U → U is equivariant, hence induces a projection |p|
We claim that |p| 
= Hx). In fact, we have H(x, v) = H(x, w) if and only if there exists h ∈ H such that h(x, v) = (x, w), which happens if and only if

Suborbifolds, Immersions and Submersions.
We say that a smooth map f : O → P is an immersion (submersion) at x ∈ O if df x is injective (surjective). Recall that we are considering df x as a map (T x O, Γ x ) → (T f (x) P, Γ |f |(x) ), so this means that there is a local liftingf x : U → V such that both df x and f x are injective (surjective) 6 . When f is an immersion (submersion) at each point of O we say that f is an immersion (submersion). Many results of the differential topology of manifolds generalize to the orbifold setting, as can be seen in [7] , [15] , [13] , [18] and [23] , for example. As an illustration we present the following. A suborbifold of an orbifold O is given by an orbifold S and an immersion i : S → O such that |i| maps |S| homeomorphically onto its image in O. Recall that in this case i x : Γ x → Γ |i|(x) is injective for each x ∈ |S|. We will often identify S with its image in
A suborbifold S is a strong suborbifold 9 when, for every x ∈ S and every chart around x, the image of a lift i x does not depend on the lift. If S is strong and ( U , Γ x , φ) is an O-chart around x ∈ S, then φ −1 (U ∩|S|) is a closed Γ x -invariant submanifold of U. Notice that for strong suborbifolds the tangent space T x O splits as T x S ⊕ ν x S at each x ∈ S. 3.3. Orbibundles and Frobenius' Theorem. As in the manifold case, there is a general notion of a vector bundle over an orbifold that allow us to define objects like vector fields and differential forms in this context and to carry over many other useful constructions. Let us begin with the general definition.
Let E and B be smooth orbifolds. A smooth map π : E → B is a fiber orbibundle if |π| is surjective and there is a third orbifold F such that, for all x ∈ |B|, there is an orbifold chart ( U, Γ x , ϕ) around x, an action of Γ x on F and a diffeomorphism (
When F is a k-dimensional vector space V with a linear action of Γ x we say that π is a vector orbibundle. We can now define orbifold analogs of usual objects from Differential Geometry as sections of appropriate orbibundles. 
Similarly, if X and ξ are H O -invariant vector and (0, i)-tensor fields on U O , respectively, then L X ξ will also be H O -invariant, that is, we can define Lie derivatives for the corresponding objects on O.
On an oriented n-orbifold O we can define integration of n-forms. Let ( U , H, φ) be an orbifold chart for U. Given a compactly supported n-form ω ∈ Ω n ( U //H), i.e, an H-invariant compactly supported n-formω ∈ Ω n ( U), we define
For a general compactly supported n-form ω ∈ Ω n (O) we use partitions of unity to define the integral as a sum of these chart integrals. 
The proof of this lemma is similar to the case of manifolds: one finds the locally finite refinement by paracompactness, then work with H i -invariant functions on U i . Now, for a compactly supported n-form ω ∈ Ω n (O) we can define
where {ξ j } is a partition of unity subordinated to an oriented atlas {( U j , H j , φ j )}. This definition is independent of the choices involved (see [1, p. 35] ).
Theorem 3.10 (Stokes' theorem for orbifolds). Let O be an oriented n-dimensional orbifold with boundary and let
Exercise 3.11. Prove the Stokes' theorem for orbifolds by reducing to the classical Stokes' theorem using a partition of unity.
Given an orbifold O, the cohomology groups of the complex Suppose we have an effective action by a compact lie group G on O and let x ∈ |O|. For a chart ( U, Γ x , φ) around x ∈ |O|, consider
the collection of all possible lifts of µ g near x. This is a Lie group, in fact an extension
The tubular neighborhood theorem for smooth actions on manifolds generalizes as follows.
Theorem 3.14 (Tubular neighborhood theorem for orbifolds [37 
One can now generalize Proposition 1.18 to the following. 
, that is, the singular cohomology of O G with coefficients in R.
Alternatively, there is an induced infinitesimal action of the Lie algebra g of G on O given by
where X # is the fundamental vector field of the action induced by X. This defines, for each X ∈ g, operators ι X , L X on Ω * (O) which, together with d, endow Ω * (O) with the structure of a g ⋆ -algebra (see, for example, [19, Chapter 2] ) and so enables us to also study the g-equivariant cohomology of O. More precisely, we consider the Cartan complex 10 That is, there is a short exact sequence 0
where S(g * ) is the symmetric algebra over g
can be viewed as a g-equivariant 11 polynomial map ω : g → Ω * (O). With this in mind, the equivariant differential d g is defined as
It is a degree 1 derivation with respect to the grading C
We define the g-equivariant cohomology of O as the cohomology of the complex (C g (O), d g ), denoted
There is a natural structure of S(g
The orbifold version of the equivariant De Rham theorem states that H G (O) and H g (O) are the same. 
A remarkable feature of equivariant cohomology is the Borel-Hsiang localization theorem, which, roughly speaking, asserts that the non-torsion part of the structure of H T (X), for a torus space X, can be recovered from the fixed point set X T . To introduce this theorem it will be useful to recall the notion of localization from commutative algebra (see, for example, [ 
where S = S(t * ) \ {0}.
We mention here, without going into much details, that this theorem has a "concrete counterpart" expressed in terms of integration of d t -closed forms in C g (O), known as the Atiyah-Bott-Berligne-Vergne localization formula. 
where
The reader is invited to check that this defines the desired metric. The presence of a Riemannian metric on O enables us to define the orthonormal frame bundle of O, as follows. If ( U , H, φ) is a chart of O, consider the orthogonal frame bundle U with the induced action of H by h·(x, B) = (h(x), dhxB). This is actually a free action, therefore U /H is a manifold that inherits a proper, effective and almost free O(n)-action from the action of O(n) on U . Taking the quotient by this action we obtain the natural projection U /H → U. The manifolds U /G glue together to form a manifold O , the orthonormal frame bundle of O. With the natural projection, it defines an orbibundle O → O (for more details, see [1] , Section 1.3, and [28] , Section 2.4).
An orientation of O corresponds to a decomposition
A key point of the construction above is that the quotient orbifold O + //SO(n) is isomorphic to O (see [28] , Proposition 2.22). The orientability is needed so that we have an action of the connected Lie group SO(n) inheriting O as a quotient, which ensures that the holonomy of an orbit matches the corresponding isotropy group. A similar construction can be carried over for non-orientable orbifolds by first taking the complexification U ⊗ C, which leads to an U(n)-orbibundle O C over O. Moreover, the Riemannian metric g on O induces a Riemannian metric on O C such that U(n) acts by isometries and O is isometric to the quotient O C //U(n). Hence there is the following converse to Proposition 1.18. 
We induce the length structure 12 d(x, y) = inf ℓ(γ) on |O|, where the infimum is taken amongst all piecewise smooth curves connecting x and y. We can then consider the diameter of O, i.e., the diameter of (|O|, d), denoted diam(|O|). We say that O is complete when (|O|, d) is a complete metric space.
Remark 4.4 (Orbifolds as metric spaces).
There is an alternative definition of Riemannian orbifolds in terms of metric spaces, due to A. Lytchak. In fact, one could define an n-dimensional Riemannian orbifold as a length space O such that for any point x ∈ O there exists an open neighborhood U ∋ x, a connected n-dimensional Riemannian manifold M and a finite group G < Iso(M) such that U and M/G are isometric as metric spaces. Details on this approach can be seen in [24] .
Orbifold Versions of Classical Theorems.
Many results in the Riemannian geometry of manifolds generalize to orbifolds, as can be seen, for example, in [5] , [6] , [ 
A map f : (O, g O ) → (P, g P ) is a local isometry if f * (g P ) = g O . If F is also a diffeomorphism then it is an isometry. A vector field X on O is a Killing vector field if L X g = 0, which means that the local flows of X act by isometries. We denote the Lie algebra of Killing vector fields by iso(O), since we have the following analogue of the Myers-Steenrod Theorem. There is also an orbifold version of the Synge-Weinstein Theorem. Cheng's sphere theorem generalizes to orbifolds as follows. There's also a generalization of Bochner's theorem on Killing vector fields. Finally, connecting the geometry and topology of a Riemannian orbifold, we introduce the orbifold generalization of the Gauss-Bonnet theorem proved by Satake. Let O be a 2k-dimensional, orientable, Riemannian orbifold and consider X 1 , . . . , X 2k ∈ X(O) which restrict to an orthonormal frame on a chart ( U , H, φ) . Then we can write 
